Abstract. In this paper we define maximal operators for tree martingale transforms in UMD spaces and prove inequalities for them by using the UMD property.
Introduction
Tree martingales have been studied by Schipp, Fridli, Weisz, Young, and others, but there are many open problems. In the 1980s, some inequalities relative to tree martingales were verified by Schipp and Fridli [6] , [13] . For 2 < p < ∞, a maximal inequality as well as Burkholder-Gundy's inequality is shown, and is extended to all 1 < p < ∞ for a regular stochastic basis by their works. Moreover, using the results on tree martingales, Schipp [12] and Gosselin [7] proved that for an arbitrary Vilenkin system and for f ∈ L p , the Vilenkin-Fourier series of f converges in the L p norm to itself. However, because of the fact that a tree martingale transform cannot be defined as a one-parameter martingale, similarly, stopping times cannot be introduced for tree martingales. Schipp and Fridli [13] obtained some results using convexity methods. The question is: Are there efficient ways to overcome these difficulties? Here we study this problem. In our paper, we define a new transform operator of vector-valued tree martingales by a linear operator. This tree martingale transform operator is not different from the one-parameter martingale transform in [3] . Then we try to investigate this tree martingale transform operator by using the UMD property.
UMD spaces (unconditional martingale differences property) were studied by Burkholder [4] - [5] , Bourgain [2] and others. Burkholder, McConnell, and Bourgain proved that martingales with values in a Banach space X having the property of good martingale transforms is equivalent to the space X ∈ UMD. We use this property here to study tree martingales with values in a UMD space X. This gives a simpler approach to tree martingales as we show here. It is still necessary to construct some useful convex functions and concave functions that we shall use in our proofs of our main theorems.
During the past ten years, relatively few people studied tree martingales. In [8] , we verified that some scalar-valued tree martingale inequalities held, and in [9] - [10] , we investigated vector-valued tree martingales and some inequalities for them. In this paper, we shall discuss maximal operators of X-valued tree martingale transforms and show that they are norm-bounded in L p (X) provided X is a UMD space.
Preliminaries and definitions
Let T be a countable, upward directed index set with respect to the partial ordering ≤ satisfying the following two conditions:
(1) for every t ∈ T, the set T t := {s ∈ T : s ≤ t} is finite; (2) for every t ∈ T, the set T t := {s ∈ T : t ≤ s} is linearly ordered. Thus T is a tree and every nonempty subset of T has at least one minimum. For every element t ∈ T, the minimum element of the set T t \ {t} is denoted by t + ; it is the succeeding element of t. A tree T is also a special partially ordered set with respect to the partial ordering ≤.
Let (Ω, F, P ) be a complete probability space, and F = (F t , t ∈ T) be a family of nondecreasing sub-σ-algebras of F with respect to the partial ordering ≤. Then (F s , s ∈ T t ) can be linearly ordered, where F = σ( t∈T F t ). For simplicity, we assume that if t = s + = r + , then F s + = F r + . This common σ-algebra will be denoted by F − t . Throughout this paper, unless otherwise stated, we let E t be the conditional expectation operator with respect to F t , (X, . ) be a Banach space, and L 1 (X) be the space of Bochner integrable measurable functions. The indicator function of a set A is denoted by χ A .
In the tree case, we work with projections instead of the conditional expectation operators. Let (φ t , t ∈ T) be a family of complex-valued measurable functions with |φ| = 1. For every t ∈ T, set (2.1)
Then (P t , t ∈ T) is a family of projections since P t ≤ 1 and P t • P t = P t (t ∈ T). It is clear that the conditional expectation operators are projections of the form (2.1).
Definition 2.1. Let (P t , t ∈ T) be a family of projections as defined in (2.1). Then the family of (F t , P t : t ∈ T) is called a tree basis if (1) for every f ∈ L 1 (X) and s ≤ t (s, t ∈ T), P t f = φ s E t (fφ s ); (2) for every pair of incomparable s, t in T, P t P s = 0.
Note that for any comparable s, t ∈ T, if s ≤ t implies P t P s = P s P t = P s , which follows from the previous (1), then we can proceed to define an X-valued tree martingale. Definition 2.2. We say that a family f = (f t , t ∈ T) of X-valued integrable functions is an X-valued tree martingale if s ≤ t implies P s f t = f s .
Clearly, the martingale with respect to a linearly ordered stochastic basis is the special tree martingale and for every f ∈ L 1 (X) the family of (P t f, t ∈ T) is an X-valued tree martingale. We always assume that for every X-valued tree martingale there exists a distinguished minimal element t 0 ∈ T such that f t 0 = 0. It is important to note that for every X-valued tree martingale f = (f t , t ∈ T) and a fixed t ∈ T, the sequence 
Then (φ t f s , s ∈ T t ) is a linearly ordered martingale. We define the martingale difference of a family of X-valued tree martingales f = (f t , t ∈ T) by
obviously, for every t ∈ T, d t f is a single function rather than a product of two functions. In the following, we introduce a linear operator that is more general than the martingale differences (d t f, t ∈ T). Definition 2.3. It is a family of linear operators π = (π t , t ∈ T) satisfying the following conditions for all f ∈ L 1 (X) and t ∈ T:
(1)
where the constant R is independent of t and f .
As mentioned earlier, an X-valued tree martingale transform cannot be defined as a one-parameter martingale for some martingale unless it is already a one-parameter martingale. Similarly, stopping times cannot be introduced. Here we define an Xvalued tree martingale transform that is more general than the transform of a one-parameter martingale. In Definition 2.4, we define a maximal operator of an X-valued tree martingale transform.
is an X-valued tree martingale, then these X-valued tree martingale transforms are defined by
and the maximal operator of this X-valued tree martingale transform is defined by
In the one-parameter martingale case, we see that π is an operator of type [15] ; however, in the X-valued tree martingale case, it is still unknown which type the operator π is. This paper's aim is to show some results for the operator π in the X-valued tree martingale case. For this aim, we need to introduce a quasi-norm · M pq . Let f = (f t , t ∈ T) be a family of F-measurable functions (not necessarily a tree martingale) defined on the complete probability space (Ω, F, P ). For any y ≥ 0, we set
Then it is easy to see that for every t ∈ T, Remark 2.5. Note that for each fixed family f = (f t , t ∈ T), the quasi-norm f M pq is decreasing with q increasing and is increasing with p increasing. Therefore, the limit does exists as q → ∞ and satisfies
Proposition 2.6 ([15]). The map f → f M pq is a quasi-norm; namely, for any two families of functions f = (f t , t ∈ T) and g = (g t , t ∈ T) and for any λ ∈ C,
where 0 < p < ∞ , 0 < q ≤ ∞ and K pq depends only on p and q. Moreover, the
non-decreasing in the following sense: If for all t ∈ T the inequality f t ≤ g t holds, then
Remark 2.7. Note that if T is linearly ordered, then the sets {t ∈ ν f y }(t ∈ T) are pairwise disjoint and t∈T χ {t∈ν f y } = χ {f * >y} . In this case,
The X-valued predictable tree martingale can be defined as a one-parameter predictable martingale. In Definition 2.8 we shall give its concept. Definition 2.8. We say that an X-valued tree martingale f = (f t , t ∈ T) is predictable if there exists a family λ = (λ t , t ∈ T) of non-decreasing, non-negative and predictable functions such that
where non-decreasing functions means that for any comparable elements s, t ∈ T, if s ≤ t, then λ s ≤ λ t ; predictable functions means that for any t ∈ T, λ t is F − t -measurable. Such a λ is called a prediction belonging to f .
Denote by P pq the space of this kind of X-valued tree martingales and endow it with the following quasi-norm:
where the infimum is taken over all predictions λ ∈ M pq belonging to f . For the reader's convenience, throughout this paper, we always let
Some quasi-normal inequalities for vector-valued tree martingale transforms in UMD spaces
In this section, we shall prove some quasi-normal inequalities for vector-valued tree martingale transforms in a UMD space X, and these inequalities shall be used in the next section. Theorem 3.1. Assume that X is a UMD space and that an X-valued tree martingale f = (f t , t ∈ T) is predictable. If 1 < p ≤ q < ∞, then there exists a constant C p,q depending only on p and q such that
We need to introduce some knowledge of a UMD space X. Since for every t ∈ T, T t is a totally ordered set, we see that f = (f t , t ∈ T t ) is a sequence of X-valued linearly ordered martingales, where
be a family of real valued predictable sequences. Then for every t ∈ T, v = (v t , t ∈ T t ) is a linearly ordered predictable sequence. Therefore, the transforms of the martingale sequence f = (f t , t ∈ T t ) can be defined by
It follows from [3] that if E g s < ∞ (s ∈ T t ), then g is a martingale.
Definition 3.2 ([4]
). If for any X-valued martingale f = (f t , t ∈ T t ) and its martingale difference sequences (d u f, u ∈ T t ), T t is a totally ordered set, it holds that
where v r = +1 or v r = −1 and 1 < p < ∞. Then the space X is called a space in which martingale difference sequences are unconditional. That is, the space X ∈ UMD.
The relationship between the space X ∈ UMD and X-valued martingale transforms is given in the following lemma. Lemma 3.3. The space X ∈ UMD if and only if for any X-valued martingale f = (f s , s ∈ T t ), T t is a totally ordered set and, for 1 < p < ∞, it holds that
where g s (s ∈ T t ) is the transform of an X-valued martingale f .
Proof. Since T t is a totally ordered set and linearly ordered, we can introduce a map ϕ : T t → N ∪ {0}, where N is a nonnegative integer set. Therefore, we can construct a map ϕ such that
and ϕ is a one-to-one map. So the inequality (3.4) follows from Burkholder's result [4] that for any one-parameter martingale f = (f n , n ∈ N ∪ {0}), the inequality g n p ≤ C p f n p (n ∈ N ∪ {0}) holds.
Lemma 3.4 ([15]). Let T be a countable index set and (F t , t ∈ T) be an arbitrary (not necessarily monotone) family of σ-algebras with the assumption σ( t∈T
is a family of non-negative measurable functions, then for
where 1/p + 1/q = 1, and B p > 0 and C q > 0 denote the constant in (3.5) .
For the proof of Theorem 3.1, we need some additional lemmas, which we shall prove.
Lemma 3.5. Assume that an X-valued tree martingale f = (f t , t ∈ T) is predictable and λ = (λ t , t ∈ T) is a prediction belonging to f . Then for any real number x > 0 set ε t = χ {x<λ t + ≤2x} (t ∈ T) and ε = (ε t , t ∈ T). It holds that 
Proof. Let us fix t and t < s (t, s ∈ T), and set
It is clear that τ r + = 0 implies ε r = 0 and hence ε r = ε r τ r + . Therefore, if the set
is empty, then π ε,t,s f (ω) = t≤r<s ε r π r (d r f (ω)) = 0. Otherwise, let t 1 be its minimum element and denote by t 0 a minimum element of the set {r ∈ T : r ≤ t + 1 , τ r (ω) = 1}; we see that α t 0 = 1. Consequently, and by using the definition of ε t , we can derive that
It follows from the predictability of the X-valued tree martingale f and (4) of Definition 2.3 that
On the other hand,
Substituting (3.10) and (3.11) into (3.9) yields that
Taking the supremum over all s ∈ T t and t ∈ T, we get (3.8). The proof is complete.
Lemma 3.6. Let f = (f t , t ∈ T), λ = (λ t , t ∈ T), ε = (ε t , t ∈ T) and (α t , t ∈ T)
be as in Lemma 3.5 . If the space X ∈ UMD and 1 < p ≤ q < ∞, then for any real numbers x, z > 0, there exists a constant C p,q depending only on p and q such that 
On the other hand, it follows from (2) of Definition 2.3 that
therefore, (φ t π r (d r f )) r≥t is a one-parameter martingale difference sequence relative to (F r + ) r≥t . So the one-parameter martingale inequalities can be applied here. Since |φ t | = 1, we have for every t ∈ T,
Using (4) of Definition 2.3 and Lemma 3.3 together with the convexity theorem (Lemma 3.4) and (3.13) we obtain that for p 0 > 1,
It follows from the definition of ε s (s ∈ T) and the previous inequality that
For p 0 ≥ q ≥ 1, we see easily that 0 < q p 0 ≤ 1. By using Tsebisev's inequality and the concavity theorem (Lemma 3.4) and (3.17) we can derive that [15] (150-151)).
We obtain easily the following corollary from Theorem 3.1.
Corollary 3.7.
Assume that X is a UMD space and that an X-valued one-
there exists a constant C p,q depending only on p and q such that
Maximal operator inequality for vector-valued tree martingale transforms
We need some knowledge of interpolation. 
In their definition, another concept shall be used. Let f be a vector-valued measurable function. The non-increasing rearrangement of f is defined by
Remark 4.1 ([15])
. It is well known that f * is non-increasing, continuous on the right and
The Lorentz spaces L pq are defined as follows: For 0 < p, q < ∞, define
The spaces L * p are special cases of the more general Lorentz space L pq . We have one lemma on Lorentz spaces, here.
Lemma 4.2 ([15]). Let
Assume that A 0 and A 1 are quasi-norm spaces embodied continuously in a topological vector space A. In the real method of interpolation, the interpolation spaces between A 0 and A 1 are defined by means of an interpolating function
where the infimum is taken over all choices of f 0 and f 1 such that f 0 ∈ A 0 , f 1 ∈ A 1 and f = f 0 + f 1 . The interpolation space (A 0 , A 1 ) θq is defined by the space of all functions f in A 0 + A 1 such that
where 0 < θ < 1 and 0 < q ≤ ∞. Let B 0 and B 1 also be quasi-norm spaces embodied continuously in a topological vector space B. Then a map
). The following lemma shows that the boundedness of a quasi-linear operator is hereditary for the interpolation spaces.
Lemma 4.3 ([15]). If
0 < q ≤ ∞, 0 ≤ θ ≤ 1 and T is a quasi-linear map from (A 0 , A 1 ) to (B 0 , B 1 ), then (4.5) T : (A 0 , A 1 ) θq → (B 0 , B 1 ) θq and (4.6) T a (B 0 ,B 1 ) θq ≤ K 1−θ 0 K θ 1 a (A 0 ,A 1 ) θq . Lemma 4.4 ([15]). If 0 < p < ∞, 0 < θ < 1, and p ≤ q ≤ ∞, then (4.7) (L p , L ∞ ) θq = L rq ( 1 r = 1 − θ p ).
Lemma 4.5 ([1]). Let T be a linear operator which maps sequences of functions to sequences of functions. Suppose that for arbitrary
Next, we shall introduce the concepts of regular tree martingales and previsible tree martingales. Definition 4.6. A tree stochastic basis F is said to be regular if there exists a constant R > 0 such that for all f ∈ L 1 (X),
where E − t denotes the conditional expectation operator with respect to F − t . Definition 4.7. We say that a family of integrable functions f = (f t , t ∈ T) is a vector-valued regular tree martingale if s ≤ t implies P s f t = f s and there exists a constant R > 0 such that 
The following theorem is important to verify maximal operator inequality of X-valued tree martingale transforms.
Theorem 4.9. Let 1 < p < ∞. Assume that X is a UMD space and that an
(ii) If f = (f t , t ∈ T) is regular, then the inequality (4.13) also holds.
To prove Theorem 4.9, some necessary lemmas shall be shown in part. Let τ : T −→ T be a map such that τ (t) ≤ t and F τ (u) ⊂ F τ (t) for any comparable u ≤ t (u, t ∈ T). Here, we set
. Lemma 4.10. Let f = (f t , t ∈ T) be an X-valued tree martingale. If 1 < p, q < ∞ and satisfy
, there exists a constant C p,q depending only on p and q such that
Then α t is F τ (t) -measurable, and obviously,
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For all t ∈ T, we shall introduce a family of projections H t := α t P t (t ∈ T), and by the martingale property, we observe that P t • P u = 0, as t and u are incomparable.
Therefore, we can derive that for any g ∈ L 1 (X) and t, u ∈ T,
where δ t,u is the Kronecker symbol. Thus the family of projections H t (t ∈ T) are orthogonal. For any family of complex numbers c = (c t , t ∈ T) and g ∈ L 2 (X), using the orthogonality of Hg = (H t g, t ∈ T) we can derive that
. Then substituting it into (4.16) we obtain that
and by (4.17) we can further derive that
To prove (4.14) we introduce a family of operators
where (η t , t ∈ T) is a fixed family of functions satisfying η t ∞ ≤ 1 for any t ∈ T. Using (4.18) one sees that
On the other hand, by Doob's inequality, it follows that for any 1
By the assumptions: 
Setting g = f and η t = signP t f (t ∈ T) we have (ii) If f = (f t , t ∈ T) is regular, then the inequality (4.26) also holds.
Proof. (i) Assume that f is previsible. By the definition of a tree T, we easily see that for every t ∈ T, the set {u|u ≤ t} is finite, and by (4.12) of Definition 4.8, we see that the family
is a prediction of f ; therefore, (4.27)
Since the quasi-norm M pq is non-decreasing (Proposition 2.6), using (4.27) we can derive that
If u and t are incomparable, then u i and t j (u, t ∈ T; i, j = 1, ..., N ) are also incomparable. By Lemma 4.11 and (4.28) we can further derive that
(ii) Assume that f is regular. Let τ (u) := u i for any 1 ≤ i ≤ N (u ∈ T). By (4.10) of Definition 4.6, we see that f t ≤ RE In Theorem 4.13 we shall give a maximal operator inequality of X-valued tree martingale transforms.
